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1. Each person can only adopt one 

òbehavioró

2. You gain more if  your friends 

have adopted the same 

behavior as you



A Model for Two Nodes

v w

If  both v and w adopt behavior A, they each 

get a payoff  of  a > 0.

v w

If  both v and w adopt behavior B, they each 

get a payoff  of  b > 0.

v w

If  they adopt opposite behaviors, they 

each get 0.



In Generalé
Each node v is playing a copy of  this game 

with each of  its neighbors

v

Let v have d neighbors

If  a fraction p of  its 

neighbors adopt A, then v 

will choose A if:

pda Ó (1-p)db

p Ó
b

a + b
= q



If  q < ½, the whole line will turn blue

b

a + b
= q

òIf at least a fraction q of  my 

neighbors are blue, then I go blueó



Choosing Behaviors

òIf more than 50% of  

my friends are green, 

Iõll be greenó
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Choosing Behaviors

òIf more than 50% of  

my friends are green, 

Iõll be greenó



b

a + b
= q

òIf at least a fraction 

q of  my neighbors 

are blue, then I go 

blueó

q Ò 3/8 for the behavior to spread infinitely



Cascades
A finite set S of  nodes causes a cascade 

if, starting from S as the early adopters of  

A, every node eventually switches 

permanently to A.

The cascade threshold of  set S is the 

largest value of  the threshold q for which  

starting at S results in all nodes being 

converted to A.

A large value of  the cascade threshold 

means that the cascade happens easily



q < ½ corresponds to A being the better 

technology

Adoption of  Technologies

In the case of  the grid, A must be way 

better for everybody to adopt it (since for 

values of  q between 3/8 and 1/2 there will 

not be a cascade even though A is better)



What prevents cascades 

from happening?



Clusters
A cluster of  density p is a set of  nodes 

where each node in the set has at least a 

p fraction of  its neighbors in the set.

Cluster of  density 2/3



If  every node has a threshold of  1/2: 



Clusters Stop Cascades
Theorem: Let S be an initial set of  adopters 

of  A. Assume the nodes all apply a threshold 

q to decide whether to switch to A.

If  G-S contains a cluster of  density greater 

than (1-q), then S cannot cause a cascade

Proof  (by contradiction):

C
Let t be the first time that 

a node in C adopts A

But, by time t-1 some 

other node in C must have 

adopted A



Only Clusters Stop Cascades
Theorem: If  a set S of  initial adopters fails to 

cascade with a threshold q, then there is a 

cluster in G-S of  density greater than (1-q).

Proof:

T = set of  nodes that 

eventually adopt A

S
T

If  v ÍG-T, less than a q 

fraction of  its 

neighbors are in T

Which means that more than a (1-q) 

fraction of  its neighbors are in G-T



How can we explain 

Milgramõs òSix Degrees 

of Separation?ó



Suppose everybody knows 100 other people 

on a first-name basis (for most people that 

number is significantly higher)

Then, you could be two steps away from 

100*100=10,000 people

And three steps away 1,000,000 people

éand five steps away 10 billion people

But this assumes that your friendsõ friends are 

not your friends

Which is not true! (e.g., because of  triadic 

closure) 



The reason the small 

world phenomenon is 

surprising is that the 

human social network is 

highly clustered



The Watts-Strogatz Model

Everyone lives in 

an n x n grid

Every node knows 

all other nodes 

within a radius r of  

grid steps

Then everyone also 

knows k other nodes 

selected uniformly at 

random from the grid



Each node has roughly 

r2 + k neighbors

Since the k random 

edges are chosen 

uniformly, there is very 

little overlap with their 

k random friends

After j random steps, 

you can reach close to 

kj other nodes

Since the n x n grid has n2 nodes, setting kj=n2, we 

can reach everyone in approximately 2logkn steps



Decentralized Search

In Milgramõs experiment, not only did short 

paths exist, but people, using only knowledge of  

their own friends, were able to correctly route 

the letters

Model:

We measure delivery time: expected number 

of  steps required to reach the target

Each node only knows the location of  

their friends



Decentralized Search

What is a good delivery time?

O(n1/2), O(n), O(n2), O(log n)

Unfortunately, the delivery time of  any algorithm 

in the grid-based model must be at least W(n2/3).

(With 6 billion people, this would imply ~1,000 

degrees of  separation!)





A New Model
Let d(v,w) be the number of  grid steps 

between node v and w

We put a random edge between v and w 

with probability proportional to d(v,w)-c

c is called the clustering exponent

If  c=0, we get the original grid-based model

When c is small, the long-range links are 

too random

When c is large, the random links are not 

long-range enough



When c = 2, there is a decentralized rule that 

nodes can follow with delivery time 

proportional to (log n)2

When c Í 2, every decentralized algorithm is at 

least proportional to ns for some constant s
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